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Integrable nonlinear partial differential equations: applications

hydrodynamics

nonlinear optics

cosmology

relativity

quantum field theory

climate modelling

chemistry

biology

finance

. . .
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The key feature of integrable PDEs: Lax representations

(a.k.a. zero-curvature representations, Wahlquist–Estabrook
prolongation structures, integrable extensions, inverse scattering
transformation, differential coverings, ...):

soliton solutions

Bäcklund transformations

nonlocal symmetries and nonlocal conservation laws

recursion operators

Darboux transformations

...

UNSOLVED PROBLEM: to find internal conditions ensuring
existence of a Lax representation for a given PDE.
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PDE E:

F (xi, uα, uα
xi
, uα

xixj
, . . . ) = 0,

i, j,∈ {1, . . . , n}, α ∈ {1, . . . ,m}

Lax representation : an over-determined system

qa,xk = Ta,k(x
i, uα, uα

xi
, uα

xixj
, . . . qb), a, b ∈ N,

compatibility conditions

(qa,xi)xj = (qa,xj )xi ⇐⇒ F = 0.

The Wahlquist–Estabrook form :

τa = dqa −
n∑
k=1

Ta,k(x
i, uα, uαxi , u

α
xixj , . . . qb) dx

k

such that

dτa =
∑
b

ηab ∧ τb + Ωa, Ωa = 0 ⇐⇒ F = 0.
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EXAMPLE. Liouville’s equation:

utx = eu

Lax representation:
qt =

1

2
ut + λ e

1
2
u+q,

qx = −1

2
ux −

1

2λ
e

1
2
u−q,

λ ∈ R \ {0} (1)

We have (qt)x = (qx)t ⇐⇒ utx = eu. Solve (1) for ut, ux: ut = 2 qt − 2λ e
1
2
u+q,

ux = −2 qx −
1

λ
e

1
2
u−q,

(2)

Then (ut)x = (ux)t ⇐⇒ qtx = 0 (d’Alembert’s equation).
The Lax representation (1) defines a Bäcklund transformation
between Liouville’s equation and d’Alembert’s equation.
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The general solution to d’Alembert’s equation:

q = F (t) +G(x),

substitute into (2) =⇒

u = ln

(
2 Φ′(t) Ψ′(x)

(Φ(t) + Ψ(x))2

)
,

where{
Φ′(t) = 2λ2 eF (t),

Ψ′(x) = e−G(x).
�
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EXAMPLE. The Lin–Reissner–Tsien equation:

uyy = utx + ux uxx

The Lax representation:
qt =

1

3
q3x − ux qx − uy,

qy =
1

2
q2x − ux.

G.M. Kuz’mina, 1967,
J. Gibbons, 1988; I.M. Krichever, 1988
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Rename q 7→ q0, put q0,x = q1, ... qk,x = qk+1, ... =⇒

qk,t =

(
1

3
q31 − ux q1 − uy

)
x . . . x︸ ︷︷ ︸
k times

,

qk,x = qk+1,

qk,y =

(
1

2
q21 − ux

)
x . . . x︸ ︷︷ ︸
k times

.

�
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DEFINITION. A Lie algebra is a vector space g endowed with a
bilinear operation [·, ·] : g× g→ g such that there hold

1) [x, y] = −[y, x] (skew symmetry),

2) [[x, y], z] + [[z, x], y] + [[y, z], x] = 0 (Jacobi’s identity).

EXAMPLE. M ⊆ Rm: an open subset with coordinates
(x1, . . . , xm), the Lie algebra a(M) of vector fields on M : linear
differential operators

V =

m∑
k=1

ak(x) ∂xk =
∑
k

ak ∂xk = ak ∂xk

on C∞(M),

[V,W ] = V ◦W −W ◦ V ,

W =
∑
k

bk∂xk =⇒

[V,W ] =
∑
j,k

(
aj ∂xj (b

k)− bj ∂xj (ak)
)
∂xk .

�
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EXAMPLE. Witt’s algebra: w ( a(R),

w = 〈vk = tk ∂t | k ≥ 0〉, [vi, vj ] = (j − i) vi+j−1.
�

DEFINITION. Let g be a Lie algebra, let v1, v2, ... , vn, ... be a
basis of g. Then

[vi, vj ] =
∑
k

ckij vk, ckij ∈ R.

Constants ckij are referred to as structure constants of g in this
basis.

REMARK: skew symmetry =⇒
ckij = −ckji,

Jacobi’s identity =⇒∑
m

(
cmij c

n
mk + cmkic

n
mj + cmjkc

n
mi

)
= 0.

�
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DEFINITION: Let ω : g→ R be a linear function (covector,
1-form). Define its differential dω : g× g→ R as

dω(v, w) = −ω([v, w]).

For two 1-forms ω, θ define their exterior product
ω ∧ θ : g× g→ R as

ω ∧ θ(v, w) = det

(
ω(v) θ(v)
ω(w) θ(w)

)
.

For 1-forms ω1, ..., ωk define ω1 ∧ · · · ∧ ωk : g× · · · × g→ R as

ω1 ∧ · · · ∧ ωk(v1, . . . , vk) = det

 ω1(v1) . . . ωk(v1)
. . . . . . . . .
ω1(vk) . . . ωk(vk)

.
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Consider the dual forms ωi for the basis vj of the Lie algebra g
with the structure constants ckij :

ωi(vj) = δij .

Then

dωm(vi, vj) = −ωm([vi, vj ]) = −ωm(ckij ωk) = −ckij δmk = −cmij ,

ωp ∧ ωq(vi, vj) = det

(
δpi δqi
δpj δqj

)
=


1, p = i, q = j,
−1, p = j, q = i,

0, otherwise,

=⇒
there hold the Maurer–Cartan structure equations of g:

dωm = −1

2

∑
p,q

cmpq ω
p ∧ ωq

or, equivalently,

dωm = −
∑
p<q

cmpq ω
p ∧ ωq.
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EXAMPLE. For Witt’s algebra w = 〈vk = 1
k! t

k ∂t | k ≥ 0〉 take
the dual forms ωk such that ωi(vj) = δij . Consider the formal
series

Ω =
∑
k≥0

hk

k!
ωk

with the formal parameter h such that dh = 0, define

∇h(Ω) = ∂h Ω =
∑
k≥0

hk

k!
ωk+1.

Then the structure equations for w can be written in the form

dΩ = ∇h(Ω) ∧ Ω.

�
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For two 1-forms ω, θ define

d(ω ∧ θ) = dω ∧ θ − ω ∧ θ.
Consider system of equations for 1-forms ω1, ..., ωk, ...

dωm = −1

2

∑
i,j

cmij ω
i ∧ ωj .

with some constants cmij , w.l.o.g. c
m
ij = −cmji .

THEOREM.

d(dωk) = 0 ⇐⇒
∑
m

(
cmij c

n
mk + cmkic

n
mj + cmjkc

n
mi

)
= 0.
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Consider the Lie algebra a(M) = 〈
∑

k a
k(x) ∂xk | ak ∈ C∞(M) 〉

of vector fields on M ⊆ Rm with local coordinates (x1, . . . , xm),
denote by dx1, ... , dxm the 1-forms dual to ∂x1 , ... , ∂xm , so

dxi(
∑

k a
k(x) ∂xk) = ai(x).

Differential 1-forms on M are maps ω : a(M)→ C∞(M),

ω =
∑

i gi(x) dxi, ω(
∑

k a
k(x) ∂xk) =

∑
i gi(x) ai(x).

Differential n-forms on M , n ≤ m:

ω =
∑

i1<i2<...<in

gi1i2...in(x) dxi1 ∧ dxi2 ∧ · · · ∧ dxin .

Define exterior differential:

d(a(x)) = da(x) =
∑

i ∂xia(x) dxi,

d(dxj) = 0,

d(a(x) θ) = da(x) ∧ θ + a(x) dθ.
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THEOREM (Frobenius). Let ω1, ... , ωn be 1-forms on
M ⊆ Rm, n ≤ m, such that

dωi =

n∑
j=1

πij ∧ ωj

for some 1-forms πij on M . Then for each fixed point in M there
exist local coordinates (x1, . . . , xn, y1, . . . , ym−n) on a neighbor-
hood of this point such that in this neighborhood there holds

ωi =

n∑
j=1

gij(x
1, . . . , xn, y1, . . . ym−n) dxj , i ∈ {1, . . . , n}.
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EXAMPLE. The structure eqns of w: dΩ = ∇h(Ω) ∧ Ω, that is,
dω0 = ω1 ∧ ω0, (1)
dω1 = ω2 ∧ ω0, (2)
dω2 = ω3 ∧ ω0 − ω1 ∧ ω2, (3)
dω3 = ω4 ∧ ω0 − 2ω1 ∧ ω3, (4)

. . . . . . . . .

Apply Frobenius’ theorem to (1) =⇒ ω0 = a0 dt, then

da0 ∧ dt = ω1 ∧ a0 dt =⇒ ω1 =
da0
a0

+ a1 dt,

substitute into (2) :

da1 ∧ dt = ω2 ∧ a0 dt =⇒ ω2 =
da1
a0

+ a2 dt,

substitute into (3) :

da2 ∧ dt =

(
a0ω

3 +
a1da1
a0

− a2da0
a0

)
∧ dt =⇒

ω3 =
da2
a0
− a1
a20
da1 +

a2
a20
da0 + a3 dt,

etc. �
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REMARK. Take 1-form ω = a dt on Rt × Ra. Consider a local
diffeomorphism Φ: Rt × Ra → Rt × Ra such that

Φ∗ω = ω,

that is, Φ: (t, a) 7→ (t̃, ã) = (φ(t, a), ψ(t, a)), and

ã dt̃ = ψ(t, a) dφ(t, a) = a dt.

Then ∂aφ = 0 =⇒ t̃ = φ(t) =⇒ Φ is projectable on
Rt, and the projection is a local diffeomorphism.

Conversely, let φ : Rt → Rt be a local diffeomorphism. Define
the lift Φ: Rt × Ra → Rt × Ra by

Φ: (t, a) 7→ (t, a (φ′(t))−1).

Then Φ∗ω = ω.

E.g., φk(t) = t+ ε tk + . . . has infinitesimal generator vk = tk ∂t.

Note that dω = π ∧ ω for π ≡ da/amod ω, so w and equation
dω = π ∧ ω are related. �
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REMARK. Consider dω0 = ω1 ∧ ω0, then

0 = d(dω0) = dω1 ∧ ω0 − ω1 ∧ dω0 = dω1 ∧ ω0,

=⇒
dω1 = ω2 ∧ ω0

for some ω2. Further,

0 = d(dω1) = dω2 ∧ ω0 − ω2 ∧ dω0 = (dω2 − ω2 ∧ ω1) ∧ ω0,

=⇒
dω2 = ω2 ∧ ω1 + ω3 ∧ ω0,

then

d(dω2) = 0 =⇒ dω3 = ω4 ∧ ω0 − 2ω1 ∧ dω3,

etc., the whole system of the structure equations for w is
recoverable from the first equation.

�
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DEFINITION. Let g be a Lie algebra with the structure eqns

dωi =
∑
j<k

cijk ω
j ∧ ωk.

A 2-form Ω =
∑
j<k

aijk ω
j ∧ ωk is a 2-cocycle on g if dΩ = 0.

Denote the linear space of 2-cocycles by Z2(g).

DEFINITION. 2-cocycle of the form∑
i

bi dω
i =

∑
i

∑
j<k

bi c
i
jk ω

j ∧ ωk

is referred to as a 2-coboundary. Denote the linear space of
2-coboundaries by B2(g).

DEFINITION. The second cohomology group of g:

H2(g) = Z2(g)/B2(g).
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Let Ω =
∑
j<k

ajk ω
j ∧ ωk ∈ H2(g), then we can extend g: consider

the Lie algebra ĝ with the structure equations
dωi =

∑
j<k

cijk ω
j ∧ ωk,

dθ =
∑
j<k

ajk ω
j ∧ ωk,

(1)

or in terms of the dual vectors v1, ... , vk, ... , w to ω1, ... , ωk,
... , θ: [vj , vk] = −ajk w −

∑
i

cijk vi,

[vj , w] = 0.

Note that w is in the center C(g) = {x ∈ g | ∀y ∈ g ([x, y] = 0) }
of g. Therefore ĝ is called the central extension of g generated
by the 2-cocycle Ω.

�
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Suppose there is 1-form α on g such that dα = 0, so the
structure equations are of the form

dα = 0,

dωi =
∑
j<k

cijk ω
j ∧ ωk +

∑
j

α ∧ bijωj .

For fixed λ ∈ R define twisted differential by

dλαθ = dθ − λα ∧ θ.
Then dα = 0 implies d2λα = 0.

DEFINITION. A 2-form Ω on g is a twisted 2-cocycle if
dλαΩ = 0. The linear space of twisted 2-cocycles is denoted by
Z2
λα(g). Ω ∈ Z2

λα(g) is a twisted coboundary if Ω = dλαω for
some 1-form ω on g. The linear space of twisted coboundaries is
denoted by B2

λα(g). The second twisted cohomology group of g
is defined as the factor space H2

λα(g) = Z2
λα(g)/B2

λα(g).
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Suppose Ω ∈ H2
λα(g) and define the extension ĝ of the Lie

algebra g by the structure equations
dα = 0,

dωi =
∑
j<k

cijk ω
j ∧ ωk +

∑
j

α ∧ bijωj ,

dθ = λα ∧ θ + Ω.

To verify that the above structure equations define a Lie algebra
we have to check condition d(dθ) = 0:

d(dθ) = d(λα ∧ θ + Ω) = λ dα ∧ θ − λα ∧ dθ + dΩ

= −λα ∧ (λα ∧ θ + Ω) + dΩ = −λα ∧ Ω + dΩ = 0.

The Lie algebra ĝ is called the extension of g generated by the
twisted 2-cocycle Ω.
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DEFINITION. A derivation of a Lie algebra g is a linear map
D : g→ g such that

D([v, w]) = [D(v), w] + [v,D(w)].

The linear space of all derivations: Der(g)

REMARK. D1, D2 ∈ Der(g) =⇒ D1 ◦D2 −D2 ◦D1 ∈ Der(g),
so Der(g) is a Lie algebra with [D1, D2] = D1 ◦D2 −D2 ◦D1.

�
DEFINITION. For v ∈ g define adv : g→ g by adv : w 7→ [v, w].
Then adv ∈ Der(g). Put Derinn(g) = {adv ∈ Der(g) | v ∈ g}.
Denote Derout(g) = Der(g)/Derinn(g).

�
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EXAMPLE. Let D ∈ Derout(g). Extend g: put ĝ = g⊕Rw (sum
of vector spaces) and define [w, v] = D(v) for each v ∈ g. In
other words, if vi is a basis of g, then

D(vi) =
∑
j

bji vj =⇒ [w, vi] =
∑
j

bji vj .

If ωi, β are dual forms for vi, w, then
dβ = 0,

dωi =
∑
j<k

cijk ω
j ∧ ωk − β ∧

∑
j

bij ω
j .

Likewise, if Ds(vi) =
∑
j

bjsi vj and [Dp, Dq] =
∑
r

arpqDr for

D1, . . . , Ds, · · · ∈ Derout(g), then define ĝ by
dβr = −

∑
p<q

arpq β
p ∧ βq,

dωi =
∑
j<k

cijk ω
j ∧ ωk −

∑
s,j

bisj β
s ∧ ωj .

�
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EXAMPLE. Let g be a Z+–graded Lie algebra, that is,

g =

∞∑
q=0

gq (sum of vector spaces) and [gp, gq] ⊆ gp+q. Then

D : g→ g, D : v 7→ p v for v ∈ gp, is a derivation of g. Let v1, ... ,
vn, .... be a graded basis, that is, vi ∈ gp(i) for some p(i). Then
D defines an extension of g with the structure equations

dα = 0,

dωi = p(i)α ∧ ωi +
∑
j<k

cijk ω
j ∧ ωk.

�
EXAMPLE. The (commutative associative unital) algebra of
truncated polynomials of degree N : RN [s] = R[s]/(sN+1 = 0).
Let g be a Lie algebra with a basis {vi} and structure constants
cijk. The current algebra: RN [s]⊗ g = 〈sk ⊗ vi | k ∈ {0, . . . , N} 〉,

[sk ⊗ vi, sm ⊗ vj ] =

{
sk+m ⊗ [vi, vj ], k +m ≤ N,

0, k +m > N.
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The dual forms for sk ⊗ vi: ωjm such that ωjm(sk ⊗ vi) = δkm δ
j
i .

Then the structure equations for RN [s]⊗ g are

dωim = −
∑

p+q=m

∑
j<k

cijk ω
j
p ∧ ωkq .

The grading: [sk ⊗ g, sm ⊗ g] ⊆ sk+m ⊗ g =⇒ the extension
dα = 0,

dωim = mα ∧ ωi−
∑

p+q=m

∑
j<k

cijk ω
j
p ∧ ωkq .

�
EXAMPLE: Consider

RN [s]⊗w = 〈vmk = 1
k! s

m tk∂t | m ∈ {0, . . . , N}, k ≥ 0〉.
For the dual forms ωkm put

Ω =

N∑
j=0

∞∑
k=0

1

k!
sjhk ωkj ,

Then the structure equations of RN [s]⊗w are dΩ = ∇h(Ω) ∧Ω.
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The grading: [sp ⊗w, sq ⊗w] ⊆ sp+q ⊗w =⇒ extension with
the structure equations{

dα = 0,
dΩ = s α ∧∇s(Ω) +∇h(Ω) ∧ Ω

�
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PDE:

E = {Fr(xi, uα, uαxi , u
α
xixj

, . . . ) = 0},
(An infinitesimal generator of) a symmetry of E:

φ = (φ1(xi, uβ, uβ
xi
, . . . ), . . . , φm(xi, uβ, uβ

xi
, . . . ))

such that

Fr(x
i, uα + ε φα, (uα + ε φα)xi , (u

α + ε φα)xixj , . . . ) = o(ε).

In other words,

Eφ(F ) =
∑

i1,...,in,α

∂Fr
∂uαi1,...,in

Di1
x1
◦ · · · ◦Din

xn(φα)|F=0 = 0,

where the total derivatives are

Di = ∂xi +
∑
α,I

uαI+1i ∂uαI .

The linear space of symmetries is a Lie algebra Sym(E) with

[φ, ψ] = Eφ(ψ)−Eψ(φ).
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EXAMPLE. The hyper-CR equation for Einstein–Weyl
structures:

uyy = utx + uy uxx − ux uxy (E1)

G.M. Kuz′mina, 1967
V.G. Mikhalev, 1992
M.V. Pavlov, 2003
M. Dunajski, 2004

Lax representation with a non-removable parameter:{
vt = (λ2 − λux − uy) vx,
vy = (λ− ux) vx.
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Algebra of contact symmetries Sym(E1) = p� n p4,∞ with

p� = 〈ψ0, ψ1〉, p4,∞ = 〈φ0(A), . . . φ3(A)〉 = R3[h]⊗w,

where

φ0(A) = −Aut− 1
2 y (yux− 2x)A′′−A′(xux + yuy−u) + 1

6 y
3A′′′,

φ1(A) = −y A′ ux −Auy + xA′ + 1
2 y

2A′′,
φ2(A) = −Aux + y A′,
φ3(A) = A,

ψ0 = −2xux − y uy + 3u,
ψ1 = −y ux + 2x,

and A = A(t) are arbitrary functions.

Commutators:

{φi(A), φj(B)} = φi+j(AB
′ −BA′),

{ψi, φk(A)} = −k φk+i(A),
{ψ0, ψ1} = −ψ1.
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Maurer–Cartan forms: α0, α1, θk,n, k ∈ {0, ..., 3}, n ≥ 0,

αi(ψj) = δij , αi(φk(t
n)) = 0,

θk,n(ψi) = 0, 1
m! θk,n(φl(t

m)) = δklδnm

Denote Θ =

3∑
k=0

∞∑
m=0

1

m!
hk0 h

m
1 θk,m,

then the structure equations of Sym(E1) take the form
dα0 = 0,

dα1 = α0 ∧ α1,

dΘ = ∇h1(Θ) ∧Θ + (h0 α0 + h20 α1) ∧∇h0(Θ),

(recall that hk0 = 0 when k > 3).
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From the structure equations we have:

H1(Sym(E1)) = Rα0,

H2
cα0

(p�) =

{
R [α0 ∧ α1], c = 1,
{[0]}, c 6= 1.

Moreover,

H2
α0

(p�) ⊆ H2
α0

(Sym(E1)),

hence equation

dσ = α0 ∧ σ + α0 ∧ α1

is compatible with the structure equations of Sym(E1) and
defines a non-central extension of this Lie algebra.
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We have (r 6= 0, q, s ∈ R are parameters):

α0 = dq,
α1 = −eq ds,
σ = eq (dv − q ds),
θ0,0 = r dt,
θ1,0 = r eq (dy + p1 dt),
θ2,0 = r e2q (dx+ (p1 − s) dy + p2 dt),
θ3,0 = p e3q (du+ (p1 − 2 s) dx+ (p2 − s p1 + s2) dy + p3 dt).

We know

θ3,0 = p e3q (du− ux dx− uy dy − ut dt)

⇒


p1 − 2 s = −ux,
p2 − s p1 + s2 = −uy,
p3 = −ut.
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Consider

σ − θ2,0 =

eq
(
dv − q ds− r eq

(
dx+ (s− ux) dy + (s2 − s ux − uy) dt

))
,

rename q = vs, r = vx exp(−vs) ⇒
σ − θ2,0 =

evs
(
dv − vs ds− vx (dx+ (s− ux) dy + (s2 − s ux − uy) dt)

)
.

Then σ − θ2,0 = 0 ⇔{
vt = (s2 − s ux − uy) vx,
vy = (s− ux) vx.

=⇒

σ − θ2,0 is the Wahlquist–Estabrook form for the above Lax
representation of the hyper-CR equation, λ = s.
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Another linear combination: σ − θ0,0 − θ1,0 − θ2,0 = 0 ⇔{
vt =

(
s2 − s ux − uy + e−vs (2 s− ux) + e−2 vs

)
vx,

vy =
(
s− ux + e−vs

)
vx.

=⇒

σ − θ0,0 − θ1,0 − θ2,0 is the Wahlquist–Estabrook form for the
new Lax representation of the hyper-CR equation .
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EXAMPLE: The Lin–Reissner–Tsien equation

uyy = utx + ux uxx. (E2)

The structure equations for Sym(E2):
dα = 0,

dΘ = s α ∧∇s(Θ) +∇h(Θ) ∧
(

Θ− 1

3
s∇s(Θ)

)
,

where

Θ =

4∑
k=0

∞∑
m=0

1

m!
sk hm θkm,

with θ3,0 = 0 and sk = 0 for k > 4. The Maurer-Cartan forms:

α = dq/q, θ0,0 = r dt, θ1,0 = q r2/3 (dy + a1 dt),

θ2,0 = q2 r1/3 (dx+ 2
3 a1 dy + a2 dt),

θ4,0 = q4 r−1/3 (du− utdt− uxdx− uydy).
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THEOREM.

H2
λα(Sym(E2)) =

{
〈[Ω]〉, λ = 3,
{[0]}, λ 6= 3,

where

Ω = θ3,1 ∧ θ0,0 + 2
3 θ2,1 ∧ θ1,0 + 1

3 θ1,1 ∧ θ2,0.
COROLLARY. Equation

dτ = 3α ∧ τ + θ3,1 ∧ θ0,0 + 2
3 θ2,1 ∧ θ1,0 + 1

3 θ1,1 ∧ θ2,0
is compatible with the structure equations of Sym(E2).

Integrate =⇒ the Wahlquist–Estabrook form

τ = q3
(
dv − vx dx−

(
1

3
v3x − ux vx − uy

)
dt−

(
1

2
v2x − ux

)
dy

)
.

for the Lax representation
vt =

1

3
v3x − ux vx − uy,

vy =
1

2
v2x − ux.

�
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EXAMPLE. Consider RN ⊗w as the vector space of functions
f(s, t) = f0(t) + · · ·+ fN (t) sN with [f, g] = f gt − g ft and
sk = 0 for k > N . For fixed ε ∈ R define the deformation g(N, ε)
of RN ⊗w as the same vector space with new bracket

[f, g]ε = f gt − g ft + ε s (fs gt − gs ft).
Let θkm be the dual forms to {sktm | 0 ≤ k ≤ N,m ≥ 0}, put

Θ =

N∑
k=0

∑
m≥0

1

m!
sk hm θk,m.

Then the structure equations for g(N, ε) are

dΘ = ∇h(Θ) ∧ (Θ + ε s∇s(Θ)).

The deformation preserves the grading sk ⊗w =⇒ there is
the extension ĝ(N, ε) of g(Nε) with the structure equations{

dα = 0,
dΘ = s α ∧∇s(Θ) +∇h(Θ) ∧ (Θ + s∇s(Θ)).
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THEOREM.

H2
λα(ĝ(N, ε)) =

{
〈[Φr]〉, ε = −2

r
, r ∈ {2, . . . , N}, λ = r,

{[0]}, otherwise,

where Φr =

[r/2]∑
m=0

(r − 2m) θr−m,0 ∧ θm,0.

E.g., N = r = 3 =⇒ ε = −2
3 , therefore equation

dτ = 3α ∧ τ + 3 θ3,0 ∧ θ0,0 + θ2,0 ∧ θ1,0
is compatible with the structure equations of ĝ(3,−2/3),
integrate =⇒ the Wahlquist–Estabrook form of the Lax
representation{

vt = u− (u2x + uy) vx,
vy = x− ux vx

of equation
uyy = utx + (uy − u2x)uxx − 3ux uxy. �
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EXAMPLE. Integrable hierarchy associated to E1.

Consider the Lie algebra

p� n pn+1,∞, where pn+1,∞ = Rn[h]⊗w.

The structure equations:
dα0 = 0,

dα1 = α0 ∧ α1,

dΘ = ∇h1(Θ) ∧Θ + (h0 α0 + h20 α1) ∧∇h0(Θ)

with

Θ =

n∑
k=0

∞∑
m=0

1

m!
hk0 h

m
1 θk,m.
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Rename: t 7→ tn−1, y 7→ tn−2, x 7→ tn−3, then

θn,0 = r enq
(
du−

n−1∑
i=0

utidti

)
⇒

σ − θn−1,0 =

evs

(
dv − vs ds− vt0 dt0 −

n−1∑
i=1

(
si −

i−1∑
j=0

si−j−1 utj

)
vt0 dti

)
.
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σ − θn−1,0 = 0 =⇒

vt1 = (s− ut0) vt0 ,
vt2 = (s2 − s ut0 − ut1) vt0 ,

. . .

vti =

(
si −

i−1∑
j=0

si−j−1 utj

)
vt0 ,

. . .
vtn−1 =

(
sn−1 − sn−2 ut0 − sn−3 ut1 − · · · − s utn−3 − utn−2

)
vt0 .

M. Dunajski, 2004,
M.V. Pavlov, 2003; L.V. Bogdanov, M.V. Pavlov, 2017
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Denote by Hn−1 the compatibility conditions of this system.
Then H2 is the hyper-CR equation

ut1t1 = ut0t2 + ut1 ut0t0 − ut0 ut0t1 ,
H3 is the hyper-CR equation plus

ut1t2 = ut0t3 + ut2 ut0t0 − ut0 ut0t2 ,
ut1t3 = ut2t2 + ut1 ut0t2 − ut2 ut0t1 ,

H4 consists of H3 plus

ut0t4 = ut2t2 + ut0 ut0t3 − ut3 ut0t0 + ut1 ut0t2 − ut2 ut0t1 ,
ut1t4 = ut2t3 + ut0 ut0t3 − ut3 ut0t1 ,
ut2t4 = ut3t3 + ut2 ut0t3 − ut3 ut0t2 ,

etc., system Hn−1 consists of equations from Hn−2
supplemented by equations

uti−1tn = utitn−1 + ut0ut0tn−1 − utn−1ut0ti−1 , 1 ≤ i ≤ n− 2.
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EXAMPLE. Reduced quasi-classical self-dual Yang–Mills
equation:

uyz = utx + uy uxx − ux uxy (E3)

E.V. Ferapontov, K.R. Khusnutdinova, 2004{
vt = λ vy − uy vx,
vz = (λ− ux) vx.

The symmetry algebra: Sym(E3) = q� n q3,∞,

q� = an (sl2(R) n v), dim a = 1, dim v = 2,

q3,∞ = R2[h]⊗ R[t]⊗w[z].
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The structure equations for Sym(E3):

dα = 0,

dB = ∇h1(B) ∧ B,

dΓ = α ∧ Γ +∇h1(Γ) ∧ B + 1
2 ∇h1(B) ∧ Γ,

dΘ = ∇h2(Θ) ∧Θ +∇h1(Θ) ∧ (B + h0 Γ)

+h0∇h0(Θ) ∧
(
1
2 ∇h1(B) + h0∇h1(Γ)− α

)
,

B = β0 + h1 β1 + 1
2 h1 β2,

Γ = γ0 + h1 γ1,

Θ =

2∑
k=0

∞∑
i=0

∞∑
j=0

1

i! j!
hk0 h

i
1 h

j
2 θk,i,j .
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H1(Sym(E3)) = Rα,

H2
cα(q�) =

{
R [γ0 ∧ γ1], c = 2,
{[0]}, c 6= 2.

H2
α(q�) ⊆ H2

α(Sym(E3)),

=⇒
we have the non-central extension for Sym(E2) with the
additional structure equation

dσ = 2α ∧ σ + γ0 ∧ γ1.
Integration: θ2,0,0 is a multiple of the contact form ⇒
σ − γ1 − θ1,0,0 defines the Lax representation{

vt = s vy − uy vx − 1
2 s

2,

vz = (s− ux) vx

over the rqsdYM.
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Replace

q� n (R2[h]⊗ R[t]⊗w[z]) 7→ q� n (Rn[h]⊗ R[t]⊗w[z]),

integrate the same structure equations with

Θ =

n∑
k=0

∞∑
i=0

∞∑
j=0

1

i! j!
hk0 h

i
1 h

j
2 θk,i,j ,

rename t 7→ y1, x 7→ t0, y 7→ y0, z 7→ t1 =⇒
the Lax representation

vy1 = s vy0 − uy0 vt0 − 1
2 s

2

vt1 = (s− ut0) vt0 ,
vt2 = (s2 − s ut0 − ut1) vt0 ,

. . .

vti =

(
si −

i−1∑
j=0

si−j−1 utj

)
vt0 ,

. . .
vtn−1 =

(
sn−1 − sn−2 ut0 − sn−3 ut1 − · · · − s utn−3 − utn−2

)
vt0 .
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Compatibility conditions: Hn−1 supplemented by the rqsdYM
equation

ut0y1 = ut1y0 − uy0 ut0t0 + ut0 ut0y0

and system

utiy1 = uti+1y0 − uy0 ut0ti + utiut0y0 , 0 ≤ i ≤ n− 2.

�
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EXAMPLE. The 4D universal hierarchy equation:

uzz = utx + uzuxy − uxuyz (E4)

L.V. Bogdanov, M.V. Pavlov, 2017,
M.V. Pavlov, N. Stoilov, 2017.

Lax representation with a non-removable parameter:{
vt = λ2 vx − (λux + uz) vy,
vz = λ vx − ux vy.
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The symmetry algebra

Sym(E4) = r� n (R1[h]⊗ R[t]⊗w[y])

The structure equations:

dβ1 = 0,

dβ2 = β1 ∧ β2,
dβ3 = 0,

dβ4 = (β3 − β1) ∧ β4,
dβ5 = β3 ∧ β5 − β2 ∧ β4,
dβ6 = (2β3 − β1) ∧ β6 + 1

2 β4 ∧ β5.
dΘ0 = ∇2(Θ0) ∧Θ0 +∇1(Θ0) ∧ (β2 + h1 β1)

dΘ1 = ∇2(Θ1) ∧Θ0 +∇2(Θ0) ∧Θ1 + (β1 − β3) ∧Θ1

+(β2 + h1 β1) ∧∇1(Θ1) + (β5 + h1 β4) ∧∇1(Θ0).
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The second non-central extension of r� provides the above
covering over 4D UH equation.

Hierarchy: replace R1[h] by Rn[h], extend the structure
equations correctly, then integrate ⇒

vy1 = s vy0 − uy0 vt0 ,
vy2 = s2 vy0 − (uy1 + s uy0) vt0 ,
vt1 = (s− ut0) vt0 ,
vt2 = (s2 − s ut0 − ut1) vt0 ,

. . .

vti =

(
si −

i−1∑
j=0

si−j−1 utj

)
vt0 ,

. . .
vtn−1 =

(
sn−1 − sn−2 ut0 − sn−3 ut1 − · · · − s utn−3 − utn−2

)
vt0 .
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Compatibility conditions: Hn−1 supplemented by the 4D UH
equation

uy0y2 = uy1y1 + uy0 ut0y1 − uy1 ut0y0

and system

utky0 = utk−2y2 +uy1 ut0tk−2
−utk−2

ut0y1 +uy0 ut0tk−1
−utk−1

ut0y0 ,

utmy1 = utm−1y2 + uy1 ut0tm−1 − utm−1 ut0y1

with 2 ≤ k ≤ n− 1, 1 ≤ m ≤ n− 1.

�
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EXAMPLE. The 4D Mart́ınez Alonso–Shabat equation.

uty = uz uxy − uy uxz (E5)

Lax representation with non-removable parameter (O.M., 2014):{
vy = λuy vx,
vz = λ (uz vx − vt).
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Symmetry algebra:

Sym(E5) = s2,1 = s2,1,∞ o s�,

s2,1,∞ = (R2[h0]⊗ R[t]⊗w[x])⊕ (R[z]⊗w[y])

s� = b1 ⊕ b2 (direct sums of two non-abelian 2D Lie algebras).

Denote:

Θ =

1∑
k=0

∞∑
p=0

∞∑
q=0

1

p! q!
hp1 h

q
2 h

k
5 θk,p,q,

Ω =

∞∑
p=0

∞∑
q=0

1

p! q!
hp3 h

q
4 ωp,q.
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Structure equations:

dα0 = 0, dα1 = α0 ∧ α1,
dβ0 = 0, dβ1 = β1 ∧ β2,
dΘ = ∇h2(Θ) ∧Θ +∇h1(Θ) ∧ (α1 + h1 α0 − h5 β1)

+h5∇h5(Θ) ∧ (α0 − β0),
dΩ = ∇h3(Ω) ∧ Ω +∇h4(Ω) ∧ (β1 + h4 β0).

Non-central extension via H2
c1α0+c2β0

(s�):

dγ1 = α0 ∧ γ1 + α0 ∧ α1,
dγ2 = α0 ∧ γ2 + β0 ∧ α1,
dγ3 = β0 ∧ γ3 + α0 ∧ β1,
dγ4 = β0 ∧ γ4 + β0 ∧ β1,
dγ5 = (α0 + β0) ∧ γ5 + α1 ∧ α2.

O.I. Morozov Integrable systems and symmetry algebras



The Wahlquist–Estabrook form

γ4 − γ3 + α1 − β1 − θ0 − ω =

dv − vs ds− vt dt− vx dx− s uy vx dy − (s (uzvx − vt)− ln s) dz)

for the Lax representation{
vy = s uy vx,
vz = s(uz vx − vt)− ln s.
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Replace s∞,2,1 by s∞,n,m, that is, put

Θ =

n∑
k=0

∞∑
p=0

∞∑
q=0

1

p! q!
hk0 h

p
1 h

q
2 θk,p,q,

Ω =

m∑
k=0

∞∑
p=0

∞∑
q=0

1

p! q!
hk0 h

p
3 h

q
4 ωk,p,q,

define the structure equations as



dΘ = ∇h2(Θ) ∧Θ +∇h1(Θ) ∧ (α1 + h1 α0 − h0 β1)

+h0∇h0(Θ) ∧ (α0 − β0),

dΩ = ∇h3(Ω) ∧ Ω +∇h4(Ω) ∧ (β1 + h4 β0 − h0 α1)

+h0∇h0(Ω) ∧ (β0 − α0).
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The Wahlquist–Estabrook form

γ4 − γ3 + α0 − β0 − θn−1 +
n−3∑
k=0

(n− k − 2) θk −
n−1∑
k=0

(n− k)ωk =

dv − vs ds− vt dt− vx0 dx0 − (s (uz vx0 − vt)− ln s) dz

−
n−1∑
k=0

(
k∑
j=0

sk−j uyj

)
vx0 dyk

−
n−1∑
m=1

(
s−m −

m−1∑
j=0

s1−m−j uxj

)
vx0 dxm

of the Lax representation ...
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vx1 =
(
s−1 − ux0

)
vx0 ,

. . .

vxm =

(
s−m −

m−1∑
j=0

s1−m−j uxj

)
vx0 ,

. . .
vxn−1 =

(
s1−n − s2−n ux0 − s3−n ux1 − · · · − uxn−2

)
vx0 ,

vy0 = s uy0 vx0 ,
. . .

vyk =

(
k∑
j=0

sk+1−j uyj

)
vx0 ,

. . .

vyn−1 =

(
k∑
j=0

uyn−1 + s uyn−2 + · · ·+ sn−2 uy0

)
vx0 ,

vz = s (uz vx0 − vt)− ln s
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for the hierarchy that includes system Hn−1 as well as equation

uty0 = uz ux0y0 − uy0 ux0z,
systems

utxk = −uxk+1z + uz ux0xk − uxk ux0z,
utym = −uym−1z + uz ux0ym − uym ux0z,
uxk+1y0 = uy0 ux0xk − uxk ux0y0 ,
uxk+1ym = uxkym−1 + uym ux0xk − ux0 uxkym
uy0yk = uy0 ux0yk+1

− uyk+1
ux0y0

with k ∈ {0, . . . , n− 2}, m ∈ {1, . . . , n− 1}, and system

uyiyj = uyi−1yj+1 + uyi ux0yj+1 − uyj+1 ux0yi

with i ∈ {1, . . . , n− 2}, j ∈ {i, . . . , n− 2}.

�
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